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1. Introduction
Recently, in [18], Veys studied the connected curves B on non-singular
projective rational surfaces X such that e(X − B) 0, where e(X − B) denotes
the topological Euler characteristic of X − B . In particular, when X ∼= P 2, Veys
proved the following result (cf. [18, Theorem 5.4]).
Theorem A. Let B be a reduced curve on P 2 with e(P 2 − B) 0. Then B can
be extended to a configuration B ′ ⊃ B still with e(P 2 −B ′) 0, for which there
exists a diagram
P 2
f←− Y g−→ P 2,
where f is a composition of blowing-ups with centers in B ′ (including infinitely
near points) and g is a composition of blowing-downs of exceptional curves in
f−1(B ′) such that g(f−1(B ′)) consists entirely of lines through one point P and
eventually one line not through P .
The proof of Theorem A mainly depends on the structure theorem of non-
complete algebraic surfaces with connected boundaries at infinity and with non-
positive Euler characteristics due to Gurjar and Parameswaran [5, Theorem 1.3].
The log Miyaoka–Yau inequality and the results of Deligne on the degeneration
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of Hodge spectral sequence for non-complete algebraic varieties played important
roles to prove [5, Theorem 1.3].
By [17, Theorem 1.4] (or [5, Proposition 2]), if S is a non-singular affine
surface with e(S) 0 then κ¯(S) 1, where κ¯(S) denotes the logarithmic Kodaira
dimension of S. In this article, we attempt to generalize Theorem A for the case
κ¯(P 2 − B)  1. Our main result is the following theorem which is proved in
Section 3.
Theorem 1.1. Let B be a reduced curve on P 2. Suppose that κ¯(P 2 − B)  1
and B is not an irreducible non-singular cubic curve. Then B can be extended
to a configuration B ′ ⊃ B with κ¯(P 2 − B ′) = κ¯(P 2 − B) and e(P 2 − B ′) 
e(P 2 −B), for which there exists a diagram
P 2
f←− Y g−→ P 2,
where f is a composition of blowing-ups with centers in B ′ (including infinitely
near points) and g is a composition of blowing-downs of exceptional curves in
f−1(B ′) such that:
(i) If κ¯(P 2 −B)=−∞ then e(P 2 −B)− 2 e(P 2 −B ′)( e(P 2 −B)) and
g(f−1(B ′)) consists of #B ′ lines through one point P , where #B ′ is the
number of irreducible components of B ′.
(ii) If κ¯(P 2 −B)= 0 then #B ′ = 3, e(P 2−B ′)= e(P 2−B)−3+#B = 0 and
g(f−1(B ′)) consists of three lines 1, 2, and 3 with 1 ∩ 2 ∩ 3 = ∅.
(iii) If κ¯(P 2 − B)= 1 then g(f−1(B ′)) consists of r (r  3) lines through one
point Q and one line not through Q.
To prove Theorem 1.1, we use the structure theorems of non-complete
algebraic surfaces (cf. [12], etc.). We also use the results in [11]. Our arguments
are based on algebraic ones.
All algebraic varieties considered in this article are defined over the complex
number field C.
By a (−n)-curve (n  1) we mean a non-singular complete rational curve
with self-intersection number −n. A reduced effective divisor D is called an
SNC-divisor (respectively an NC-divisor) if D has only simple normal crossings
(respectively normal crossings).
Let V be a non-singular projective surface and let D, D1 and D2 be divisors
on V . We employ the following notation. For the definitions of κ¯, p¯g, Pm and q¯ ,
see [7].
KV : the canonical divisor on V .
κ¯(S): the logarithmic Kodaira dimension of a non-complete surface S.
p¯g(S) (or P1(S)): the logarithmic geometric genus of S.
Pm(S) (m 2): the logarithmic m-genus of S.
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q¯(S): the logarithmic irregularity of S.
ρ(V ): Picard number of V .
F n (n 0): Hirzebruch surface of degree n.
Mn (n 0): the minimal section of F n.Mn (n 0): a section of the ruling on F n with ( Mn ·Mn)= 0.
#D: the number of all irreducible components in Supp(D).
f ∗(D): total transform of D.
f ′(D): proper transform of D.
D1 ∼D2: D1 and D2 are linearly equivalent.
2. Preliminary results
Definition 2.1. A morphism φ from a non-singular algebraic surface Y to a non-
singular curve C is called a P 1-fibration if a general fiber of φ is isomorphic
to P 1. Similarly, an A1-fibration and a C∗-fibration are defined, where C∗ =
C − {0}. A C∗-fibration is said to be untwisted if it is a Zariski-locally trivial
fibration on a non-empty Zariski open subset of the base. Otherwise, it is said to
be twisted (cf. [2, p. 106] and [15, Section 1.3]). In [1], an untwisted C∗-fibration
(respectively a twisted C∗-fibration) is called a sandwich (respectively a gyoza).
We recall some results needed in Section 3 from the classification theory of
non-complete (in particular, affine) surfaces.
Lemma 2.2 (cf. [12, Chapter I, Section 3] and [4, Lemma 3]). Let X be a
non-singular affine surface with κ¯(X) = −∞. Then there exists an A1-fibration
φ :X→C onto a non-singular curve C.
Lemma 2.3 (cf. [8] and [3, Lemma 10]). Let X be a non-singular affine rational
surface with κ¯(X) = 1. Then there exists a C∗-fibration φ :X→ C onto a non-
singular rational curve C.
We note the following results about singular fibers of a P 1-fibration and an
untwisted C∗-fibration on a non-singular surface.
Lemma 2.4 (cf. [4, Lemma 7] and [12, Chapter I, 4.4.1]). Let g :Y → B be a P 1-
fibration on a non-singular projective surface Y and let F be a singular fiber of g.
Then we have:
(1) The reduced curve Fred is an SNC-divisor and each irreducible component of
F is isomorphic to P 1. Further, the dual graph of F is a tree.
(2) If a (−1)-curve E occurs with multiplicity one in F then F contains another
(−1)-curve.
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Lemma 2.5 (cf. [13, Lemma 4]). Let φ :X→ C be an untwisted C∗-fibration
on a non-singular affine surface X over a non-singular curve C and let F be
a singular fiber of φ. Then F is written (as a divisor) in the form F = Γ +∆,
where
(i) Γ = 0, Γ = αΓ1 with α  1 and Γ1 ∼= C∗, or Γ = α1Γ1 + α2Γ2, where
α1, α2  1, Γ1 ∼= Γ2 ∼=A1 and Γ1 and Γ2 meet each other transversally in a
single point.
(ii) ∆  0, Supp(∆) is a disjoint union of connected components isomorphic
to A1 provided ∆> 0.
In particular, e(Fred) 0.
Now, we recall the construction of a strongly minimal model of a non-singular
affine surface with κ¯ = 0. For more details, see [9, Section 2].
Let S = Spec(A) be a non-singular affine surface with κ¯(S) = 0 and let
(X,B) be a pair of a non-singular projective surface X and an SNC-divisor B
such that S = X − B . Then, by [16, Theorem 1.11], there exists a birational
morphism f :X→ W such that C := f∗(B) is an SNC-divisor, Pn(W − C) =Pn(X − B) for n  1 (in particular, κ¯(W − C) = κ¯(X − B)) and (W,C) is
almost minimal in the sense of [16, Chapter 1]. By contracting (−1)-curves E
with (E ·C) 1 successively, we obtain a birational morphism g :W → V such
that (F · g∗(C)) > 1 for any (−1)-curve F on V . Put D := g∗(C). We call the
pair (V ,D) a strongly minimal model of (X,B). By [9, Lemmas 2.3 and 2.4 and
Corollary 2.5], we have the following lemma.
Lemma 2.6. (1) V −D is an affine open subset of S and S− (V −D) is an empty
set or a disjoint union of the affine lines.
(2) D is an NC-divisor. Furthermore, if p¯g(S) = 0 then D becomes an SNC-
divisor and the pair (V ,D) is almost minimal.
(3) Pn(V −D)= Pn(S) for n 1. In particular, κ¯(V −D)= κ¯(S)= 0.
In the following lemma, we denote by  a general fiber of the fixedP 1-fibration
on F n.
Lemma 2.7. With the same notation and assumptions as above, we assume further
that p¯g(S)= 1. Then the pair (V ,D) is one of the following (1)–(13):
(1) V = P 2, D is a non-singular cubic curve.
(2) V = P 2, D is a cubic curve with one node.
(3) V = P 1 ×P 1, D ∼−KP 1×P 1 is a non-singular elliptic curve.
(4) V = P 1 ×P 1, D ∼−KP 1×P 1 is a rational curve with one node.
(5) V = P 1 ×P 1, D =G+C, where G∼M0 and C ∼M0 + 2.
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(6) V = F n (n 2), D =Mn +C, where C ∼Mn + (n+ 2).
(7) V = P 2, D =H +C, where H is a line and C is a conic.
(8) V = P 1 ×P 1, D =H +G+C, where H ∼M0, G∼  and C ∼M0 + .
(9) V = F n (n 2), D = F +Mn + C, where F ∼  and C ∼Mn + (n+ 1)
is a non-singular rational curve.
(10) V = P 1 ×P 1, D = C1 +C2, where Ci ∼M0 +  (i = 1,2).
(11) V = P 2, D =H1 +H2 +H3, where Hi (i = 1,2,3) is a line on P 2.
(12) V = P 1 × P 1, D = H1 + H2 + G1 +G2, where Hi ∼M0 (i = 1,2) and
Gj ∼  (j = 1,2).
(13) V = F n (n 2), D =H1 +H2 +G1 +G2, where H1 =Mn, H2 ∼ Mn and
Gi ∼  (i = 1,2).
Proof. By [9, Theorem 3.1] (or [6, Propositions 6 and 16]), the assertions are
clear. ✷
When κ¯(P 2 −B)= 0, we use the following result.
Lemma 2.8. Let B ⊂ P 2 be a reduced curve with κ¯(P 2 −B)= 0. Then we have:
(1) p¯g(P 2 −B)= 1.
(2) #B  3 and the equality holds if and only if P 2 −B ∼=C∗ ×C∗.
(3) If B is not a non-singular cubic curve then e(P 2 −B)= 3− #B .
Proof. The assertions (1) and (2) are shown by [11, Theorem 1.1, (1) and (3)].
The assertion (3) is a consequence of [11, Proposition 5.2]. ✷
3. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. Let B ⊂ P 2 be a reduced curve with
κ¯(P 2 − B) 1. Suppose that B is not a non-singular cubic curve. Then, by [10,
Lemma 4], each irreducible component of B is a rational curve.
Put S :=P 2 −B . We consider the following three cases separately.
Case 1. κ¯(S)=−∞.
In this case, the results in [14] are useful. We can construct the morphism f in
Theorem 1.1 more explicitly than in the case κ¯(S) 0.
Lemma 2.2 implies that there exists an A1-fibration φ :S→ C onto a smooth
rational curve C. Then we have an irreducible linear pencil Λ on P 2 such that
ΦΛ|S = φ, where ΦΛ is the rational mapping defined by Λ. We know that Λ has
the unique base point P , which is a one-place point for a general member of Λ,
and that P ∈ B . So B is a union of irreducible components of members of Λ.
Here we note the following result. For the proof, see [14, Lemma 1].
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Lemma 3.1. With the same notation and assumptions as above, we have:
(1) Every member M of Λ is irreducible and Mred − {P } ∼=A1.
(2) Λ has at most two multiple members.
Let M1, . . . ,Mr be all multiple members of Λ, where r  2 by Lemma 3.1.
Put B ′ := B ∪⋃ri=1(Mi)red and S′ := P 2 −B ′ (⊆ S). Lemma 3.1 implies that
e(S)− 2 e(S′) e(S).
Let µ :V → P 2 be the shortest composition of blowing-ups with centers at
the base point P (including infinitely near base points) of Λ such that the proper
transform Λ˜ of Λ by µ has no base points. Then Λ˜ defines a P 1-fibration Φ :=
ΦΛ˜ :V → P 1 such that Φ|S = φ. Let E˜ be the exceptional curve obtained by the
last blowing-up in the process µ. Each component of µ−1(B ′)− (E˜ + µ′(B ′))
has self-intersection number  −2 because P = BsΛ is a one-place point for
a general member of Λ. Note that E˜ is a section of Φ , i.e., (E˜ · F˜ ) = 1 for
every fiber F˜ of Φ , and that the other components of µ−1(B ′) are contained in
fibers, say F˜1, . . . , F˜s (s  1), of Φ . It is then clear that s  #B ′. If s > #B ′ then
F˜i ∩µ′(B ′)= ∅ for some i , 1 i  s. By Lemma 3.1(1), there exists the unique
component E˜i of F˜i which is not a component of µ−1(B ′). Then E˜i is the unique
(−1)-curve in F˜ , and hence the multiplicity mi of E˜i in F˜i  2 by Lemma 2.4(2).
Since miµ∗(E˜i) is a multiple member of Λ, we know that E˜i ⊂ µ′(B ′), which is
a contradiction. Hence s = #B ′.
We have









 #µ−1(B ′)− s + 1.
Hence Supp(E˜+ F˜1 + · · · + F˜s )= Suppµ−1(B ′) and all singular fibers of Φ are
contained in a set {F˜1, . . . , F˜s}.
Let Di (1 i  s) be the component of F˜i meeting E˜. The multiplicity of Di
(1  i  s) in F˜i is then equal to one. By virtue of Lemma 2.4, we obtain
the birational morphism g1 :V → F 1, which is the contraction of all possible
exceptional curves of the first kind contained in the singular fibers of Φ such
that g1∗(F˜i )= g1∗(Di) for 1  i  s and g1(E˜)=M1. Let g2 :F 1 → P 2 be the
contraction of M1. Then g2 ◦ g1(µ−1(B ′)) consists of s = #B ′ lines through one
point g2 ◦ g1(E˜). In this case, Theorem 1.1 is verified if we consider f,Y , and g
as µ,V , and g2 ◦ g1, respectively.
Case 2. κ¯(S)= 0.
We prove the following lemma.
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Lemma 3.2. Let A be a reduced curve on a non-singular projective rational
surface W such that the following two conditions are satisfied:
(i) U :=W −A is an affine surface with κ¯(U)= 0 and p¯g(U)= 1.
(ii) Each component of A is rational.
Then U contains an affine open subset isomorphic to C∗ ×C∗.
Proof. Let µ : W˜ →W be a composition of blowing-ups such that A˜ := µ−1(A)
becomes an SNC-divisor and W˜ − A˜ = U . Let (V ,D) be a strongly minimal
model of (W˜ , A˜) (cf. Section 2). Then V −D is an affine open subset of U by
Lemma 2.6(1). By the condition (ii), we know that D contains no non-rational
curves. Hence (V ,D) is one of (2), (4)–(13) listed in Lemma 2.7. If (V ,D) is one
of (11), (12), and (13) then V −D ∼=C∗ ×C∗. So, it suffices to show that V −D
contains an affine open subset isomorphic to C∗ ×C∗ when (V ,D) is one of (2),
(4)–(10) in Lemma 2.7.
We consider the case where (V ,D) is a pair (6) in Lemma 2.7 (see Fig. 1).
Let P1 and P2 be the intersection of C and Mn. Let i (i = 1,2) be a fiber of
the ruling π on F n through Pi . Then π |V−(D+1+2) is an untwisted C∗-fibration
over C∗ without singular fibers. So V − (D + 1 + 2)∼= C∗ ×C∗. In this case,
the assertion is thus verified. The other cases can be treated similarly. ✷
We prove Theorem 1.1 when κ¯(S) = 0. Note that p¯g(S) = 1 by Lemma 2.8.
Since each component of B is rational, S contains an affine open subset S′
isomorphic to C∗ × C∗ by Lemma 3.2. Put B ′ := P 2 − S′. Then B ′ ⊇ B and
B ′ is purely of codimension one. Lemma 2.8(2) implies that #B ′ = 3. Further, we
have e(S′)= e(S)−3+#B = 0 by Lemma 2.8(3). Since S′ ∼= P 2−(1+2+3),
where 1, 2, and 3 are three lines with 1 ∩ 2 ∩ 3 = ∅, there exists a diagram
P 2
f←− Y g−→ P 2,
where f is a composition of blowing-ups with centers in B ′ (including infinitely
near points) and g is a composition of blowing-downs of exceptional curves in
f−1(B ′) such that g(f−1(B ′))=⋃3i=1 i .
Case 3. κ¯(S)= 1.
By Lemma 2.3, there exists a C∗-fibration φ :S → C onto a non-singular
rational curve C. Then we have an irreducible linear pencil Λ on P 2 such
Fig. 1.
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that ΦΛ|S = φ. Note that # BsΛ = 1 or 2 and BsΛ ⊂ B . Let µ :V → P 2 be
the shortest composition of blowing-ups with centers at base points (including
infinitely near base points) of Λ such that the proper transform Λ˜ of Λ by µ has
no base points. Let Φ :=ΦΛ˜ :V → P 1 be a P 1-fibration defined by Λ˜. We prove
the following result.
Lemma 3.3. The C∗-fibration φ is untwisted.
Proof. If # BsΛ = 2 then there exist just two components H1 and H2 in
µ−1(BsΛ) (⊂ V −S) which are not contained in any fiber ofΦ . It is clear thatH1
and H2 are sections of Φ . So φ is untwisted. We assume that # BsΛ= 1. Let P0
be the base point of Λ. We decompose µ= µ1 ◦ · · · ◦µr , where µi is a blowing-
up with center Pi−1. Let Λi (i < r) be the proper transform of Λ by µ1 ◦ · · · ◦µi .
Put D1 := µ−1(Pr−1).
Suppose that φ is twisted. Then BsΛi = Pi for 1 i  r−1,D1 is a 2-section
ofΦ and the other components inD :=µ−1(B) are contained in fibers ofΦ . Note
that r  2 (in fact, r  6) by the following claim which can be verified easily.
Claim 1. Let π :F n → P 1 be a ruling on F n and let H be a 2-section of π
isomorphic to P 1. Then (H 2)= 4.
Put D′ := µ−1(P0) = D − µ′(B). Then D′ is an SNC-divisor and D1 is the
unique (−1)-curve in D′. Further, since the number of connected components of
D′ −D1  2, D′ −D1 is contained in one or two fibers of Φ . We consider the
following two cases (A) and (B) separately.
Case (A). D′ −D1 is contained in a fiber F of Φ .
Claim 2. F is the unique singular fiber of Φ and has the unique (−1)-curve E.
Further, (E ·D1)= 0.
We have ρ(V ) = #D′ + 1 = r + 1. Since each component of D′ −D1 ( = ∅)
has self-intersection number −2, #F  #(D′ −D1)+ 1= r ( 2). Then,
ρ(V ) 2+ (#F − 1) r + 1.
Hence F is the unique singular fiber of Φ and has the unique (−1)-curve E.
If (E ·D1) > 0 then (E ·D1) = 1 and the multiplicity of E is equal to two by
Lemma 2.4(2). So (D1 · D′ − D1) = 0, which is a contradiction. This proves
Claim 2.
Claim 3. Q :=Φ(F) is a branch point of ψ :=Φ|D1 :D1 → P 1.
Suppose that Q is not a branch point of ψ . Note that each connected
component of D′ −D1 meets D1 at one point. Applying [1, Lemma (7.6)] to the
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pair (V ,D′), we know that F is a linear chain and D1 meets the both of terminal
components of F . Let ν :V → V ′ be the contraction of all possible exceptional
curves contained in Supp(F ). Then ν∗(D1)∼= P 1 is a 2-section of a P 1-fibration
Φ ′ =Φ ◦ ν−1 :V ′ → P 1 on V ′ and ν∗(D1)2 = (D21)+ 1= 0. By Claim 2, V ′ is
a Hirzebruch surface. This contradicts Claim 1. This proves Claim 3.
Claim 4. Let G1, . . . ,Gs be all irreducible components of F meeting D1. Then
s = 1. In particular, D′ +E is an SNC-divisor.
It is clear that s = 1 or 2. Suppose that s = 2. Then the multiplicities of G1
and G2 in F are equal to one. By Claim 3, G1 ∩G2 ∩D1 = ∅. This contradicts
Claim 2 because one of G1 and G2 is then not a component of D′. If s = 1 then
G1 ⊂ D′ by Claim 2. Hence D′ + E is an SNC-divisor by Lemma 2.4(1). This
proves Claim 4.
Let h :V → V1 be a sequence of contractions of the (−1)-curve E and
subsequently contractible curves in F such that D(1) := h∗(D′) (= h∗(D′ +E))
is an NC-divisor and that contraction of any (−1)-curve in F (1) := h∗(F ) does
not make the image of D(1) normal by crossing. Applying [1, Lemma (7.5), 2)] to
the pair (V1,D(1)), we know that the configuration of D(1) is given as in Fig. 2.
Note that R := h(E) is the unique fundamental point of h.
By Claims 1 and 2, h∗(D1)2 = 4− 2= 2. Since (D21)=−1, we have:
Claim 5. R = F (1)2 ∩ h∗(D1).
Put Fj := h′(F (1)j ), j = 2,3,4. Claims 2 and 5 imply that Fj ⊂ D′ (j =
2,3,4) and that F3 and F4 are (−2)-curves and terminal components of D′.
We can factor the map µ = µ′′ ◦ µ′ :V → P 2 such that µ′∗(F2) is the unique
(−1)-curve in µ′∗(D′). Then µ′∗(F3) and µ′∗(F4) are (−2)-curves and hence the
intersection matrix of µ′∗(F2 + F3 + F4) (⊂ µ′′−1(P0)) is not negative definite,
which is a contradiction. Hence Case (A) does not occur.
Case (B). D′ −D1 is contained in just two fibers F1 and F2 of Φ . Note that in
this case D′ −D1 has just two connected components. By an argument similar to
the proof of Claim 2, we have:
Fig. 2.
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Claim 6. All singular fibers of Φ are exhausted by F1 and F2. Further, Fi
(i = 1,2) has the unique (−1)-curve Ei and (Ei ·D1)= 0 (i = 1,2).
We note that (Fi)red −Ei (i = 1,2) is connected.
Claim 7. Qi :=Φ(Fi) (i = 1,2) is a branch point of ψ :=Φ|D1 :D1 → P 1.
Suppose that Q2 is not a branch point of ψ . By using the same argument as
in the proof of Claim 3, we know that F2 is a linear chain. Since the multiplicity
of E2 in F2 > 1 by Claim 6 and Lemma 2.4(2), E2 is not a terminal component
of F2. Then (F2)red −E2 is not connected, which is a contradiction. This proves
Claim 7.
By the same argument as in the proof of Claim 4, we have:
Claim 8. D′ +E1 +E2 is an SNC-divisor.
Let h :V → V1 be a sequence of contractions of (−1)-curves E1, E2
and subsequently contractible curves in F1 and F2 such that D(1) := h∗(D′)
(= h∗(D′ + E1 + E2)) is an NC-divisor and that contraction of any (−1)-
curve in F (1)i := h∗(Fi) (i = 1,2) does not make the image of D(1) normal by
crossing. Applying [1, Lemma (7,5), 2)] to the pair (V1,D(1)), we know that the
configuration of D(1) is given as in Fig. 3. Note that all fundamental points of h
are R1 := h(E1) and R2 := h(E2).
By Claims 1 and 6, h∗(D1)2 = 4− 4= 0. Since (D21)=−1, we have:
Claim 9. One of R1 and R2 is in h∗(D1).
Hence, by using the argument after Claim 5 in Case (A), we know that Case (B)
does not occur, either.
The C∗-fibration φ :S→ C is thus untwisted. ✷
Let F1, . . . ,Fr be all members of Λ such that one of the following conditions
holds:
(i) Fi contains a component of B .
(ii) The restriction of Fi on S is a singular fiber of φ.
Fig. 3.
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Put B ′ := ⋃ri=1(Fi)red. If (Fi)red ∩ S = ∅ then e((Fi)red ∩ S)  0 by
Lemma 2.5. By Lemma 3.3, we have P 2 −B ′ ∼= C∗ × (C− {(r − 1) points}). So
0= e(P 2 − B ′) e(S). Note that r  3 because κ¯(S)= κ¯(P 2 − B ′)= 1. There
exist r lines 1, . . . , r on P 2 through one point P and a line 0 not through P
such that P 2 −B ′ ∼= P 2 −⋃ri=0 i . Hence there exists a diagram
P 2
f←− Y g−→ P 2,
where f is a composition of blowing-ups with centers in B ′ (including infinitely
near points) and g is a composition of blowing-downs of exceptional curves in
f−1(B ′) such that g(f−1(B ′))=⋃ri=0 i .
The proof of Theorem 1.1 is thus completed.
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